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Abstract: This study proposes a fast zeroing neural network algorithm to solve time-varying Laplacian linear systems arising
from the modeling of superstructure quadrilateral dynamic resistor networks on hammock surfaces. By incorporating the
intrinsic structure of the underlying special-form matrices into the core neurodynamic design, the proposed algorithm enables
efficient real-time computation of electric potentials under dynamic conditions. The Lyapunov-based analysis proves global
exponential convergence. Numerical simulations on resistor networks of various scales demonstrate high computational efficiency
and verify convergence to solutions from arbitrary initial conditions. Furthermore, by integrating the proposed algorithm as
a potential field solver with a directional potential field path planning algorithm and exploiting the natural descent property
of resistor network node potentials, we propose a fast path planning algorithm for robotic navigation on hammock surfaces.
Compared with conventional path planning approaches, the proposed algorithm achieves higher computational efficiency in
the aforementioned hammock surface path planning task, and this advantage becomes increasingly pronounced as the scale
increases. The proposed algorithm is also applied to dynamic path planning tasks, further validating its potential in robotics
and control applications. Finally, we present two conjectures.

Key words: Zeroing neural network; Resistor network; Laplacian system; Equivalent resistance; Potential; Path planning

1 Introduction

Neural networks have emerged as an important compu-
tational framework for addressing complex real-time problems
across scientific and engineering disciplines (Wang et al., 2019;
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Bapst et al., 2020; Wen et al., 2020; Gao et al., 2021; Wei et al.,
2023). Among various neural networks, zeroing neural network
(ZNN), which is a vector-error-based recurrent neural model
proposed by Zhang YN et al. (2002), has been extensively in-
vestigated and applied owing to its dynamic problem-solving
capabilities. Applications in rehabilitation robotics (Sun et
al., 2023a, 2023b; Lian et al., 2024), discrete-time numerical
systems (Shi and Zhang, 2020; Shi et al., 2022), and signal
and image processing (Jin et al., 2024) further demonstrate
the broad applicability of ZNNs.

A key strength of ZNNs is their ability to address
time-varying problems, a domain where conventional solvers
typically encounter limitations. This characteristic makes
ZNNs suitable for dynamic physical systems with evolving
parameters. Recent advancements, including fuzzy-enhanced
discrete ZNNs (Qiu et al., 2024), triple-integral recurrent neu-
ral networks (Han et al., 2025), and refined discrete-time
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neurodynamic models (Qiu et al., 2022), have further improved
stability and computational accuracy, reinforcing the effective-
ness of ZNNs as a solution framework.

Traditionally, resistor networks have been used as funda-
mental models to investigate various physical, electronic, and
material phenomena. Their controllability and repeatability
make them particularly useful for simulating current flow in
complex environments (Willke et al., 2017). Previous studies
have investigated the effect of nonlinear topological circuits,
which are based on the principles of linear topological circuits,
on the behavior of optical and electronic devices (Hadad et al.,
2018). In condensed matter physics, these circuits facilitate
the analysis of the effect of surface defects on the resistance
of topological insulators (Lüpke et al., 2017). In nanotechnol-
ogy, they enable the characterization of transport processes at
atomic scales (Willke et al., 2017). Notably, the foundational
studies on graphene, which later led to a Nobel Prize, relied on
lattice-inspired resistor network abstractions (Novoselov et al.,
2004, 2005).

Beyond their roles in physics, resistor networks are exten-
sively used in materials science and electronics. They facilitate
defect identification in organic thin films (Darwish et al., 2018),
enhance the performance of printed circuit board-integrated
grating structures (Xu et al., 2021), and contribute to model-
ing techniques for microstrip reflect array designs (Hum and
Du, 2017). Furthermore, numerical frameworks based on re-
sistor networks have facilitated the quantitative performance
evaluation of solid oxide fuel cells (Rhazaoui et al., 2013) and
structural health monitoring in carbon fiber-reinforced poly-
mer composites (Zhang D et al., 2021). Recently, they have
also been applied to gamma-ray imaging systems (Jeon et al.,
2021), illustrating their cross-domain versatility.

The theoretical analysis of resistor networks can be traced
to Kirchhoff’s circuit laws. These laws provide a formal basis
for analyzing current and voltage distributions in electrical
systems. Based on this foundation, Wu FY (2004) introduced
a Laplacian operator framework for analytically computing
resistances between arbitrary nodes in finite regular lattice
networks. Although this method is efficient for symmetric
structures, it has limitations for networks with irregular or
complex topologies.

To extend the applicability of analytical models, re-
searchers such as Izmailian et al. (2013) have introduced an-
alytical techniques that explore the deeper algebraic proper-
ties of the Laplacian matrix, thereby extending the impedance
modeling framework to complex and diverse network topolo-
gies. These advancements enable the derivation of closed-form
expressions and efficient algorithms for specialized geometries,
including globe, hammock, torus, and fan-shaped networks
(Chair, 2014; Tan ZZ, 2015; Tan Z et al., 2018; Tan ZZ and
Tan, 2020; Jiang ZL et al., 2023; Zhao WJ et al., 2023; Jiang
XY et al., 2024, 2025b, 2026). Furthermore, the investigation
by Chen et al. (2024) on the electrical properties of the 2 × n

nonregular hammock network extends the analytical bound-
aries of this research domain. Despite these contributions,
many existing approaches assume static resistance parame-
ters, limiting their effectiveness in practical time-dependent
applications.

Recent studies report that higher-order topological

dynamics can inspire physics-informed and computationally
efficient artificial intelligence (AI) algorithms (Bianconi, 2021;
Millán et al., 2025), and that metastructured quadrilateral
lattices may emerge as important factors that influence fu-
ture AI development (Bommes et al., 2013; Campen, 2017;
Zhao H, 2025). In this study, the hammock resistor network
is regarded as a metastructured quadrilateral lattice and the
resulting neural network dynamical system is perceived as a
form of topological shape dynamics on a higher-order network.
From this perspective, the proposed formulation provides a po-
tentially meaningful bridge between physics-inspired modeling
and algorithm design; related advances in neural network algo-
rithms provide methodological support for this line of research
(Zhang ZJ et al., 2025).

This study develops a fast ZNN for hammock resistor net-
works (FZNNHRN). This algorithm is based on the structured
zeroing neurodynamic framework developed for time-varying
Laplacian systems in dynamic resistor networks by Jiang XY
et al. (2025a). Coupling ZNN dynamics with the structural
characteristics of hammock networks enables efficient real-time
computation of potential distributions and equivalent resis-
tances while adapting to resistance variations over time.

By integrating Laplacian-based resistor network modeling
with fast neurodynamic computation, FZNNHRN provides a
scalable real-time solution paradigm for practical systems with
structural variability and temporally varying parameters. The
primary contributions of this work are summarized as follows:

1. Model formulation. A fast ZNN, i.e., FZNNHRN, is
proposed to solve the time-varying potential distribution and
equivalent resistance in dynamic hammock surface metastruc-
tured quadrilateral resistor networks. This is the first attempt
at the integration of ZNN dynamics with a hammock sur-
face metastructured quadrilateral resistor network under time-
varying resistances.

2. Computational efficiency. By exploiting the Laplacian
matrix structure and sparse-matrix properties, along with fast
matrix–vector multiplication, the FZNNHRN algorithm no-
tably improves computational efficiency, thereby enabling real-
time potential computation on large-scale resistor networks.

3. Simulation validation. By combining fast Lapla-
cian matrix–vector multiplication with zeroing neurodynamics,
FZNNHRN reduces the core computational complexity from
O(N3) to O(N log2N) (N is the input size), thereby enabling
real-time potential computation on large hammock resistor
networks. The equivalent resistances computed by FZNNHRN
closely match closed-form exact formulas, verifying the nu-
merical accuracy of the solver. This represents a valuable
contribution for solving large-scale, time-varying problems.

4. Potential applications. FZNNHRN has been applied to
path planning in a hammock surface environment. By comput-
ing the node potentials, a potential field map is constructed,
and the natural descending property of the electric potential
is effectively embedded in the path planning algorithm design,
resulting in an innovative approach for intelligent robotic nav-
igation. The proposed framework is also extended to dynamic
path planning scenarios. This achievement marks a critical
step toward the interdisciplinary integration of superstructured
quadrilateral resistor network theory and robotics.

5. Interdisciplinary perspective and methodological
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insight. This study establishes a unifying framework at the
intersection of high-order network topological shape dynam-
ics, superstructured quadrilateral meshes, neural network al-
gorithms, and hammock surface resistor network modeling.
By bridging physical network structures with neurodynamic
computation, this study provides insights into the modeling
and analysis of complex systems in natural and engineered do-
mains and a physics-inspired perspective that may facilitate
the development of efficient and interpretable next-generation
AI algorithms.

Fig. 1 presents the overall research framework of this
study.

2 Mathematical model and equivalent
resistance for hammock resistor networks

2.1 Hammock resistor networks

Hammock resistor networks, introduced by Essam et al.
(2015), structurally comprise a planar rectangular grid com-
prising m horizontal chains (rows) and n vertical nodes

(columns). Each interior node is connected to adjacent nodes
via resistors: horizontal links have resistance s, and vertical
connections have resistance r. The boundaries are open at the
top and bottom, and each row terminates at fixed endpoints
on both sides.

As shown in Fig. 2, the standard configuration comprises
m = 10 horizontal conductor lines and n = 10 vertical con-
ductor lines, which correspond to the rows and columns of
the hammock resistor network, respectively. The top and bot-
tom terminals are labeled as nodes O′ and O, respectively.
To evaluate the equivalent resistance between arbitrary nodes,
the bottom node O is selected as the reference node, and its
Laplacian potential is set to zero to fix the solution.

The mathematical formulation of the hammock resistor
network is obtained according to Kirchhoff’s laws as follows
(Essam et al., 2015):

Lhammock
mn V = I, (1)

with
V = [V1, V2, . . . , Vmn]

T ,

I = [I1, I2, . . . , Imn]
T ,

i  

  

  s
   

   

Fig. 1 Overall framework of this study: modeling, neurodynamic solver, fast algorithms, and applications. The hammock
resistor network is rotated by 90◦ clockwise for clarity and layout



4 | ENGINEERING Inform Technol Electron Eng 2026 27(6):260055

O O'

r

r

r
r

r

r

r

r
r

r r

r
s
s

s
s
s
s
s
s
s

Fig. 2 Structure of the hammock resistor network with
m = n = 10, where vertical and horizontal resistances are
denoted by r and s, respectively. The hammock resistor
network is rotated by 90◦ clockwise for clarity and layout

where Vi denotes the electric potential at the ith node, Ii de-
notes the corresponding current at the ith node, and Lhammock

mn

denotes a matrix of dimension mn×mn. The matrix is defined
as

Lhammock
mn = s−1LDD

m ⊗En + r−1Em ⊗Lfree
n , (2)

where En and Em denote identity matrices with dimensions
n × n and m × m, respectively. ⊗ is the Kronecker product.
The resistances along the horizontal and vertical directions
are given by real values s and r, respectively (s, r ∈ R), and
their reciprocals are denoted by s−1 and r−1. Matrix Lfree

n

denotes the Laplacian of a one-dimensional (1D) lattice with
free boundary conditions, and LDD

m denotes the 1D Laplacian
with Dirichlet boundary conditions at both ends.

LDD
m = Lper

m +Km, Km = e1e
T
m + eme

T
1 ,

Lfree
n = tridiag(−1, 2, −1)− (e1eT1 + ene

T
n

)
,

where matrix Lper
m denotes the Laplacian of a 1D lattice with

periodic boundary conditions and ei denotes the ith standard
basis column vector of appropriate dimension.

Due to the absence of current sources and sinks, the sys-

tem obeys the constraint
mn∑

i=1

Ii = 0.

2.2 Dynamic resistor networks on hammock
surfaces

In practical engineering, the electrical resistance of con-
ductive materials typically exhibits temporal variations owing
to environmental factors (Greiner, 1998). A linear approach
is adopted to model this behavior to describe such variations.
According to Eq. (1), the dynamic behavior of the hammock re-
sistor network can be described using the following expressions:

s(t) = s0
(
1 + ρ | sin t|), r(t) = r0 (1 + ρ | sin t|) , (3)

where s0 and r0 denote the initial resistivity values in the
horizontal and vertical directions, respectively. The parameter
ρ indicates the rate at which resistivity changes over time, with
t representing the temporal variable.

Dynamic resistor networks on hammock surfaces are gov-
erned by the following mathematical model:

Lhammock
mn (t)V (t) = I, (4)

where

Lhammock
mn (t) = s−1(t)

(
Lper

m +Km

)⊗En + r−1(t)Em ⊗Lfree
n ,

(5)
and V (t) represents the electric potential as a function of time.

2.3 Exact formula for equivalent resistance

To compute the equivalent resistance Rτ,φ between ar-
bitrary nodes τ and φ, an external voltage source is applied
across them, with all other nodes left unconnected to external
sources. We denote the electric potentials at nodes τ and φ

as Vτ and Vφ, respectively, and the resulting current through
the source as Iτ,φ. By Ohm’s law, the equivalent resistance is
expressed as

Rτ,φ =
Vτ − Vφ

Iτ,φ
. (6)

Excluding the top terminal O′ and bottom terminal O, the
equivalent resistance Rhammock(r1, r2) between two arbitrary
nodes r1 = (x1, y1) and r2 = (x2, y2) within the hammock
resistor network can be described as follows:

Rhammock(r1, r2) =
r (y2 − y1)

2

n(m+ 1)

+
2s

m+ 1

(
m+1∑

i=2

α′S2
i (y1)− 2β′Si(y2)Si(y1) + γ′S2

i (y2)

sinh(2li) sinh(2nli)

)

,

(7)

where Si(y) = sin
(i− 1)πy

m+ 1
, the coefficients are defined as

⎧
⎨

⎩

α′ = cosh ((2n− 2x1 + 1)li) cosh ((2x1 − 1)li) ,

β′ = cosh ((2n− 2x2 + 1)li) cosh ((2x1 − 1)li) ,

γ′ = cosh ((2n− 2x2 + 1)li) cosh ((2x2 − 1)li) ,

(8)

and the quantity li used in the above hyperbolic functions can
be alternatively expressed in either of the following equivalent
forms:

li =
1

2
lnλ′

i or cosh(2li) =
1

2
ui. (9)

The eigenvalue-related term ui is obtained from

ui = 2 + 2h

(
1− cos

(i− 1)π

m+ 1

)
, (10)

where h = s/r. λ′
i denotes the greater root of the characteristic

equation of the hammock resistor network:

λ′2 − uiλ
′ + 1 = 0, (11)

where λ is the root variable.
When two nodes lie on the same radial line in the ham-

mock resistor network, denoted as r1 = (x, y1) and r2 = (x, y2),
the resistance Rhammock(r1, r2) can be defined as follows:

Rhammock(r1, r2) =
2s

m+ 1

m+1∑

i=2

(Si(y2)− Si(y1))
2

· cosh((2x− 1)li) cosh((2n− 2x+ 1)li)

sinh(2li) sinh(2nli)

+
r(y2 − y1)

2

n(m+ 1)
.

(12)
When two nodes in the hammock resistor network lie

on the same horizontal line, denoted as r1 = (x1, y) and
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r2 = (x2, y), the resistance Rhammock(r1, r2) can be defined
as follows:

Rhammock(r1, r2) =
4s

m+ 1

m+1∑

i=2

sinh((x2 − x1)li)

sinh(2li)

· cosh((n− x2 + x1)li) S
2
i (y)

cosh(nli)
.

(13)

3 Solving for the electric potential of the
hammock resistor network using ZNNs

This section presents the definition of the vector-valued
error function:

E(t) = Lhammock
mn (t)V (t)− I, (14)

where Lhammock
mn (t) is defined in Eq. (5) and V (t) ∈ R

mn.
When the error function asymptotically approaches zero, V (t)

may be considered an exact solution of Eq. (4).

To achieve the convergence of
dE(t)

dt
to zero, we adopt

the gradient descent method (Zhang YN et al., 2002):

dE(t)

dt
= −κ(t)F(E(t)), (15)

where κ(t) ∈ R
mn denotes a positive definite matrix that reg-

ulates the rate of convergence and F(·) : Rmn → R
mn denotes

a vector-valued activation function.
To enhance the convergence performance of the model,

we define κ(t) = γ
((
Lhammock

mn (t)
)T
Lhammock

mn (t) + λEmn

)k
,

where Emn denotes the mn-dimensional identity matrix. The
parameters γ, λ, and k must satisfy the conditions γ > 0,
λ ≥ 1, and k ≥ 1. The improved model is named FZNNHRN.
Through proper tuning of the design parameters γ, λ, and
k, the convergence rate and precision of the system can be
effectively controlled:

Lhammock
mn (t)V̇ (t) =− κ(t)F

(
Lhammock

mn (t)V (t)− I
)

− L̇hammock
mn (t)V (t). (16)

The overall performance of neural networks is consider-
ably affected by the choice of the activation function F(·); sev-
eral representative types are summarized in Section S1 of the
supplementary materials. Furthermore, detailed scalar-form
dynamics of individual neurons and schematics of hardware-
oriented circuits are provided in Section S2 of the supplemen-
tary materials.

4 Development of the fast algorithm for
FZNNHRN

Fast algorithms are essential in computer science. They
provide significant improvements in computational efficiency
and resource utilization. Additionally, they help meet strin-
gent performance requirements, particularly in large-scale data
processing tasks. In this section, we focus on leveraging the
specific structural characteristics of Lhammock

mn (t) to develop
an efficient algorithm specifically adapted to the FZNNHRN
model.

4.1 Efficient computation of Lhammock
mn (t)V(t)

Given matrix Lhammock
mn (t) and time-dependent vector

V (t), let ν = Vi(t
∗) = [V1(t

∗), V2(t
∗), . . . , Vmn(t

∗)]T de-
note the instantaneous state at time t∗. To obtain matrix–
vector product Lhammock

mn (t)ν, individual terms (Lper
m ⊗En)ν,

(Km ⊗ En)ν, and (Em ⊗ Lfree
n )ν can be evaluated indepen-

dently. Lper
m ⊗En denotes a circulant matrix uniquely deter-

mined by its first row. Km⊗En denotes a sparse matrix, with
most of its elements being zero, which facilitates fast compu-
tation. Em ⊗Lfree

n exhibits a block diagonal structure. Based
on the structural properties of these matrices and by lever-
aging accelerated computation for special-form matrices, we
propose efficient techniques for computing matrix–vector mul-
tiplications. Lper

m ⊗ En is constructed by applying a circular
shift to its first column c, where vector c takes the following
form:

c =

⎧
⎨

⎩
2e1 − en+1, m = 2,

2e1 − en+1 − emn−n+1, m > 2,
(17)

where ei ∈ R
mn denotes the ith standard basis vector (i.e., the

vector whose ith entry equals 1 and all other entries equal 0).
The efficient method for computing (Lper

m ⊗ En)ν is de-
scribed in Algorithm 1.

Algorithm 1 Fast algorithm for matrix–vector multiplication
(Lper

m ⊗En)ν

1: Compute ω = FFT(ν) // FFT: the fast Fourier transform
2: Compute d = FFT(c)

3: Compute the element-wise vector product: � = ω · d
4: Compute the final result: (Lper

m ⊗En)ν = IFFT(�) /* IFFT:
the inverse fast Fourier transform */

Matrix–vector product (Em ⊗ Lfree
n )ν can be viewed

as performing m independent matrix–vector multiplications,
where each sub-block Lfree

n is separately multiplied by the vec-
tor ξi:

(Em ⊗Lfree
n )ν =

m∑

i=1

(
ei ⊗Lfree

n ξi
)
, (18)

where ν is partitioned into m blocks, represented by ξi =

[ν(i−1)n+1,ν(i−1)n+2, . . . ,ν(i−1)n+n]
T, i = 1, 2, . . . ,m.

Upon computing each zi = Lfree
n ξi, (Em ⊗Lfree

n )ν can be
obtained by arranging the m vectors zi in order (Algorithm 2).

Algorithm 2 Fast algorithm for (Em ⊗Lfree
n )ν

1: for i = 1, 2, . . . ,m do
2: zi(1) = 2ξi(1) − ξi(2)

3: for j = 2, 3, . . . , n− 1 do
4: zi(j) = −ξi(j−1) + 2ξi(j)− ξi(j+1)

5: end for
6: zi(n) = −ξi(n−1) + ξi(n)

7: end for
8: Concatenate m sub-vectors zi:(

Em ⊗Lfree
n

)
ν =

[
zT
1 , zT

2 , . . . ,zT
m

]T

By applying Algorithms 1 and 2 and

Lhammock
mn (t)V (t) =s−1(t) ((Lper

m +Km)⊗En)V (t)

+ r−1(t)
(
Em ⊗Lfree

n

)
V (t), (19)
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the fast computation of Lhammock
mn (t)V (t) is achieved. The

computation of L̇hammock
mn (t)V (t) requires the initial differen-

tiation of Lhammock
mn (t); all remaining computational steps are

identical to those used for Lhammock
mn (t)V (t).

4.2 Efficient computation of matrix powers

The matrix
((
Lhammock

mn (t)
)T
Lhammock

mn (t) + λEmn

)k
and

activated error vector F(·) = [f1, f2, . . . , fmn]
T (fi is the scalar

activation function of a single neuron) aid in developing a fast
algorithm as follows:

Laplacian matrix Lhammock
mn (t) can be diagonalized via a

similarity transformation using the transition matrix

T −1Lhammock
mn T = s−1Λm⊗En + r−1Em ⊗Λn � Λmn, (20)

where T � S
I
m ⊗ C

III
n (Pei and Yeh, 2001; Garcia and Yih,

2018).
S
I
m is the type-I discrete sine transform (DST-I), defined

as

S
I
m =

(√
2

m+ 1
sin

jkπ

m+ 1

)m

k,j=1

, (21)

and C
III
n is the type-III discrete cosine transform (DCT-III),

defined as

C
III
n =

(√
2

n
dk cos

(k − 1)(2j − 1)π

2n

)n

k,j=1

, (22)

with dk = min
{
1,

√
2

2
− 1 + k

}
.

Matrices LDD
m and Lfree

n can be transformed into di-
agonal matrices Λm and Λn, respectively, via similarity
transformations:

⎧
⎪⎨

⎪⎩

Λm = diag
(
λ′
k

)m−1

k=0
, λ′

k = 2− 2 cos
(k + 1)π

m+ 1
,

Λn = diag (λj)
n−1
j=0 , λj = 2− 2 cos

jπ

n
.

(23)

Lhammock
mn (t) is equivalent to the diagonal matrix Λmn

under a similarity transformation:

Λmn(t) = diag
(
λ0,0(t), λ0,1(t), . . . , λm−1,n−1(t)

)
, (24)

where λk,j = s−1(t)λ′
k + r−1(t)λj .

According to Eq. (20), Lhammock
mn (t) can be expressed as

follows:

Lhammock
mn =

(
S
I
m ⊗ C

III
n

)
Λmn

(
S
I
m ⊗ C

III
n

)−1

=
(
S
I
m ⊗En

)(
Em ⊗ C

III
n

)
Λmn

·
(
S
I
m ⊗En

)(
Em ⊗

(
C

III
n

)−1
)
.

(25)

Since Lhammock
mn is a symmetric matrix, we have

Lhammock
mn

(
Lhammock

mn

)T
=
(
Lhammock

mn

)2
. Thus, we obtain the

following equation:
((
Lhammock

mn

)2
+ λEmn

)k

=
(
S
I
m ⊗En

)(
Em ⊗ C

III
n

)

·Mk
(
S
I
m ⊗En

)(
Em ⊗

(
C

III
n

)−1
)
.

(26)

M = Λ2
mn + λEmn denotes a diagonal matrix:

M(t) = diag
(
λ2
0,0(t), λ

2
0,1(t), . . . , λ

2
m−1,n−1(t)

)
+ λEmn. (27)

The computation of matrix–vector product((
Lhammock

mn

)2
+ λEmn

)k
F(·) begins with the evaluation

of ςmn =
(
Em ⊗ (CIII

n

)−1
)
F(·):

ςmn =
m∑

i=1

(
ei ⊗ (CIII

n )−1χi

)
, (28)

where

χi = [fi+1, fi+2, . . . , fi+n] , i = 1, 2, . . . ,m. (29)

When ςmn =
(
Em ⊗ (CIII

n

)−1
)
χi is evaluated, the ex-

pression
(
Em ⊗ (CIII

n

)−1
)
F(·) can be obtained by sequen-

tially assembling the corresponding m components. Note
that

(
C

III
n

)−1
χi allows for fast computation via the inverse

of DCT-III (IDCT-III).

(
S
I
m⊗En

)
ςmn =

(
S
I
m⊗En

) n∑

j=1

(em,j⊗ςj,m)

=
n∑

j=1

((
S
I
mem,j

)
⊗ςj,m

)
,

(30)

where em,j represents m-dimensional linearly independent unit
vectors and ςj,m denotes the transpose of the jth column vector
of ςmn, j = 1, 2, . . . , n. Notably, the product

(
S
I
m

)
em,j pro-

vides the jth column of SI
m, facilitating highly efficient compu-

tation. Let bj represent the vector obtained after processing.
Consequently, the multiplication of matrix Mk(t) and vector
bj corresponds to an element-wise vector operation.

Similarly, we perform DCT-III by applying the approach
described in Eq. (29) and arrange the resulting vectors se-
quentially to obtain a new vector ζj . Following the approach
in Eq. (30), the matrix–vector product

(
S
I
m ⊗En

)
ζj can be

computed as
((
Lhammock

mn

)2
+ λEmn

)k
F (·). A fast algorithm

is obtained in Algorithm 3.

Algorithm 3 Efficient computation of matrix–vector products
involving

(
(Lhammock

mn )2 + λEmn

)k F(·)
1: for i = 1, 2, . . . ,m do
2: χi = [fi+1, fi+2, . . . , fi+n]

3: ςi =
(
C
III
n

)−1
χi

4: end for
5: Concatenate all ςi to form ς =

[
ςT1 , ςT2 , . . . , ςTm

]T

6: for j = 1, 2, . . . , n do
7: ϑj =

[
ςj , ςj+n, . . . , ςj+(m−1)n

]

8: bj = S
I
m(ϑj)

9: end for
10: Concatenate the n vectors bj to obtain b

11: Compute the element-wise product: σ = Mk(t)b

12: for i = 1, 2, . . . ,m do
13: θi = [σi+1,σi+2, . . . ,σi+n]

14: ζi = C
III
n θi

15: end for
16: Concatenate all ζi to form ζ =

[
ζT
1 , ζT

2 , . . . , ζT
m

]T

17: for j = 1, 2, . . . , n do
18: ιj =

[
ζj , ζj+n, . . . , ζj+(m−1)n

]

19: Υj = S
I
mιj

20: end for
21: Concatenate the n vectors Υj to obtain the final result
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4.3 Comparison of computational efficiency

Typically, traditional applications of matrix–vector multi-
plication, such as computing it directly in MATLAB, incur high
computational costs, with complexities of O(N2) for the sub-
modules Lhammock

mn v and O(N3) for the full matrix expression in
Eq. (25), where N = mn. In contrast, FZNNHRN considerably
reduces this burden. Specifically, Algorithms 1 and 2 achieve
complexities of O(N log2N) and O(N), respectively. Algo-
rithm 3, which incorporates DCT-III, IDCT-III, and DST-I
transforms (Pei and Yeh, 2001), operates at O(N log2N) com-
plexity. Consequently, the right-hand side of the implicit dy-
namical Eq. (25) can now be computed with high efficiency
in O(N log2N) complexity instead of the original O(N3) com-
plexity. The FZNNHRN solver not only reduces computational
complexity but also lowers memory requirements, thereby en-
abling scalable computation of large-scale resistor networks.

To assess the performance of FZNNHRN, simulations are
conducted on resistor networks of varying sizes and compared
with the improved recurrent neural network (IMRNN) (Wu
WQ and Zheng, 2020) (i.e., Eq. (16)). Both models are
evaluated under identical settings (Table 1), with (γ, λ, k) =

(3, 2, 2), and a linear activation function (LAF) is applied. The
simulation duration for these two models is set to t = 0.3 s, by
which point the models have converged. In the resistor net-
works, the horizontal and vertical resistivities are defined as
time-varying functions s = r = 1+0.004| sin t|. Fig. 3 presents
a comparative runtime analysis, where FZNNHRN consistently
exhibits superior computational efficiency over IMRNN un-
der the same hardware and parameter settings. Specifically,
FZNNHRN achieves a speedup ranging from approximately
400 to 3000 times. Furthermore, the computational advantage
of FZNNHRN becomes pronounced as the network scales up.

Table 1 Variable settings for different neural models under
special cases

Method Act. γ λ k t (s)

ZNN LAF 3 – – 3

SAND LAF 3 2 – 5

IMRNN LAF 3 2 2 0.3

FZNNHRN LAF 3 2 2 0.3

–: the parameters are not used; Act.: activation function

Fig. 4 presents a runtime comparison between FZNNHRN
and two benchmark algorithms, ZNN (Zhang YN et al., 2002)
and the saturation-allowed neural dynamics (SAND) (Jin
et al., 2021), which are widely applied in general linear sys-

1-

Fig. 3 CPU runtime comparison between IMRNN and
FZNNHRN

1-

Fig. 4 CPU runtime comparison between FZNNHRN and
other methods

tems. All parameter configurations are detailed in Table 1.
Performance evaluation is performed using resistor networks
of different sizes. Corresponding results are visualized through
line plots.

The data reveal a consistent advantage of FZNNHRN
in terms of computational speed across all tested scales.
As the network size increases, the performance gap between
FZNNHRN and the other two methods notably widens, high-
lighting the superior efficiency of FZNNHRN in handling
large-scale problems.

Tables 2 and 3 summarize the central processing unit
(CPU) runtime performance of various methods applied to
dynamic resistor networks on hammock surfaces of increasing
scale. From the results, several noteworthy findings can be
derived:

Table 2 Comparison of execution time across different algorithms at various network scales

Algorithm
Execution time (s)

3× 3 5× 5 10 × 10 15× 15 20 × 20

IMRNN 142.965 951 832.873 119 > 60 – –
ZNN 3.248 444 11.561 791 163.138 395 780.358 618 > 60

SAND 6.592 436 18.627 017 211.201 810 1097.315 839 > 60

FZNNHRN 0.636 861 0.716 805 1.224 283 3.457 068 18.154 461

–: not evaluated. The best results are in bold
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Table 3 Runtime analysis of the FZNNHRN model for increasing network scales

Algorithm
Runtime (s)

30 × 30 40 × 40 50× 50 60 × 60 70 × 70

FZNNHRN 71.181 507 208.507 147 487.341 039 1103.834 166 1806.847 113

1. FZNNHRN consistently exhibits the shortest execution
time among all compared approaches, reflecting its superior
computational efficiency.

2. With increasing network scale, the performance advan-
tage of FZNNHRN becomes pronounced.

3. Under identical resource and time constraints,
FZNNHRN can solve notably larger networks, demonstrating
robust effectiveness in handling complex dynamic problems.

5 Theoretical analysis of convergence

Theorem 1 Consider the Laplacian matrix Lhammock
mn ∈ R

mn

representing the resistive network, along with a current vector
I ∈ R

mn. When a monotonically increasing odd activation
function F(·) is employed, the state vector V (t) of FZNNHRN
is guaranteed to globally converge to the theoretical solution
V ∗(t) =

(
Lhammock

mn (t)
)−1 I of Eq. (16), regardless of the initial

condition V (0) ∈ R
mn.

Proof Consider the time-varying hammock lattice
Lhammock

mn ∈ R
mn and the current vector I ∈ R

mn. Define
the error term as

E(t) = V (t)− V ∗(t) = V (t)−
(
Lhammock

mn (t)
)−1

I, (31)

with
dE(t)

dt
= Lhammock

mn (t)
dV (t)

dt
.

Coupled with Eq. (16), the following equation can be
obtained:

Ė(t) =− γ

(
Lhammock

mn (t)
(
Lhammock

mn (t)
)T

+ λEmn

)k

·F (E(t)) .

(32)

Consider the Lyapunov candidate function L(E(t), t) de-

fined as L(E(t), t) =
1

2
‖E(t)‖2F (‖·‖2F represents the squared

Frobenius norm), which can also be expressed as L(E(t), t) =
1

2
tr
(
ET(t)E(t)

)
. When E(t) �= 0, the temporal derivative of

L(E(t), t) is formulated as follows:

dL(E(t), t)

dt
=

1

2

d

dt
tr
(
ET(t)E(t)

)
= tr

(
ET(t)Ė(t)

)

= −γ tr

((
Lhammock

mn (t)
(
Lhammock

mn (t)
)T

+ λEmn

)k

·ET(t)F(E(t))

)

.

(33)

By applying standard trace inequalities for symmetric
positive semidefinite matrices, a symmetric positive semidefi-
nite matrix can be obtained by

dL(E(t), t)

dt
≤ −γ

(
α2(t) + λ

)k
m∑

i=1

n∑

j=1

eijf(eij), (34)

where α(t) = λmin(L
hammock
mn (t)), eij is an element of matrix

E, and F(E(t)) = [f(e11), f(e12), . . . , f(emn)]
T.

Because F(·) is odd and monotonically increasing,
eijf(eij) ≥ 0 with equality only when eij = 0. Therefore,
dL(E(t), t)

dt
≤ 0, which guarantees the global convergence of

the error term E(t) to zero for any initial condition by the
Lyapunov stability theorem.

For the LAF case, the convergence rate is expressed as
ECR = γ

(
α2(t) + λ

)k
.

Detailed derivations of Eq. (34) and the LAF case are
provided in the supplementary materials.
Theorem 2 Consider the lattice matrix Lhammock

mn ∈ R
mn

of a resistive network and a current vector I ∈ R
mn. When

the activation function is defined as F(x) = x · ψ(x), where
ψ(x) > 0 for all x, the state vector V (t) of the FZNNHRN
model, initialized from an arbitrary state V (0), is guaran-
teed to converge globally to the theoretical solution V ∗(t) =(
Lhammock

mn (t)
)−1

I of Eq. (16).
The complete derivation is provided in the supplementary

materials.

6 Numerical examples

Fig. 5 displays the temporal behavior of the electric po-
tential V (t) within a 3 × 3 resistive network, while considering
different activation functions and distinct resistivity variation
rates ρ. Each curve corresponds to a distinct component of
V (t). The network is configured with (γ, λ, k) = (10, 3, 2), and
the resistor values vary over time as s = r = 1 + 0.004| sin t|.

Fig. 5 Time-varying process of potential V (t) under dif-
ferent activation functions and resistivity variation rates ρ

(each curve starts from a randomly generated initial value)



ENGINEERING Inform Technol Electron Eng 2026 27(6):260055 | 9

Although different activation functions yield similar dynamic
profiles, variations in ρ result in prominent trajectory differ-
ences, indicating that the system is highly sensitive to resistiv-
ity changes.

Fig. 6 shows the time-dependent decay of
‖Lhammock

mn V (t) − I‖2 (‖·‖2 denotes the Euclidean norm) for
a 3 × 3 hammock resistor network with s = 1 + 0.004| sin t|
and r = 100(1 + 0.004| sin t|), starting from V (0) with
(γ, λ, k) = (10, 3, 2). All activation functions drive the error
to zero; however, the smooth power sigmoid function (SPSF),
power sigmoid activation function (PSAF), bipolar sigmoid
activation function (BSAF), and LAF converge markedly
faster.

0 0.01 0.02 0.03 0.04 0.05
t (s)

0

5

10

15

20

25

||E
(t)

|| 2

LAF
BSAF ( = 3)
PSAF (a = 3, q = 4)
SPSF (a = 3, q = 4)
Tanh
Swish
GELU
Mish
SBPAF

Fig. 6 Evolution of ‖Lhammock
mn (t)V (t)−I‖2 over time t un-

der various activation functions. Tanh: hyperbolic tangent;
GELU: Gaussian error linear unit; SBPAF: sign-bi-power
activation function; Swish: Swish activation function; Mish:
Mish activation function. ε is a parameter of BSAF and a

and q are parameters of PSAF and SPSF

Figs. 7a–7c show the convergence behavior under the LAF
across various values of γ, λ, and k, respectively. The pa-
rameter configurations are as follows: (γ, λ, k) = (∗, 3, 2) in
Fig. 7a, (γ, λ, k) = (10, ∗, 2) in Fig. 7b, and (γ, λ, k) = (3, 5, ∗)
in Fig. 7c. Larger parameter values accelerate convergence
(hardware permitting); all cases converge to the same solution.

To examine the influence of initialization, Fig. 8 shows
that with parameters fixed at (γ, λ, k) = (10, 3, 2), all tested
initializations result in a vanishing error, confirming insensi-
tivity to the initial conditions and reliable convergence.

Fig. 9 compares equivalent resistances computed using
Eq. (7) with those obtained by FZNNHRN at the selected
node pairs, validating the accuracy of the model for resistor
network solutions.

7 Applications

7.1 Applications in path planning

Path planning is a key research area in the fields of AI
and robotics (Koul and Horiuchi, 2019; Patle et al., 2019; Pan
et al., 2022; Ji et al., 2023; Liu et al., 2023; Yang et al., 2023;
Zhu et al., 2023). In real-world scenarios, path planning is
typically constrained by specific environmental conditions (Fu

Fig. 7 Time evolution of ‖E(t)‖2 across various values of γ

(a), λ (b), and k (c)

et al., 2006; Aybars, 2008; Kulathunga, 2022; Mazaheri et al.,
2024), which introduce additional complexity to the planning
process. This subsection presents preliminary path planning
simulations using the hammock resistor network structure.

Hammock resistor networks feature a distinct topology
and nodal arrangement, where the current flows from the high-
est to the lowest potential nodes, forming a nonuniform poten-
tial gradient. The potential generally decreases from high- to
low-potential regions. Obstacles are incorporated by assigning
high potential values to their regions, creating repulsive bar-
riers that prevent path penetration. For path planning, the
start and target nodes correspond to the highest and lowest
potentials, respectively, reflecting the boundary conditions and
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E

Fig. 8 Evolution of ‖Lhammock
mn (t)V (t) − I‖2 over time t,

with each curve starting from a randomly generated initial
condition

connectivity of the network and highlighting its suitability for
such tasks.

To exploit this potential distribution, a directionally
guided path search algorithm, termed directional poten-
tial field path planning (DPFPP), is proposed based on a
precomputed two-dimensional potential field (obsv). The
proposed algorithm adopts a step-wise greedy strategy, ini-
tially selecting the neighbor closest to the target within the
Euclidean distance. At each step, three candidates, forward
and ±45◦ relative to the previous direction, are evaluated, and
the next node is determined according to the following scoring
function:

Score(c) = obsv(c) + w(1− cos θ), (35)

where c represents the candidate node, θ denotes the angle
between its direction and the target direction, and w penalizes
directional deviation.

The absence of a feasible candidate triggers backtracking
to explore alternative paths. The process continues until the
target is reached or a maximum iteration limit is met, yielding
a feasible path guided by the potential field. Algorithm S1 and
Fig. S3 in the supplementary materials include the complete
algorithm pseudocode and flowchart, respectively.

Fig. 10 shows a 10 × 10 hammock resistor network, with
the resistance parameters set as s = r = 1. The current flows
from the input node d1(4, 3) to the output node d2(9, 9), and
several arbitrary obstacles are manually added to the network.
Fig. 10a presents the initial network structure. Subsequently,
the potential distribution of the network is computed using
Eq. (1) and the FZNNHRN method (Fig. 11). Based on this
potential field, Fig. 12 illustrates the path planning process
under the presence of obstacles, where the robot begins from
the initial point and moves along the direction of the steepest
potential descent until reaching the goal. Fig. 10b visualizes
the final path based on the result illustrated in Fig. 12.

7.2 Efficiency assessment of path planning
algorithms

In the domain of path planning, algorithms typically gen-
erate paths with distinct characteristics due to differences in
their optimization objectives and computational strategies.

Therefore, this subsection compares the computational effi-
ciency of the proposed path planning algorithm with several
classic path planning methods, including Dijkstra, A-star (A*),
Floyd, and jump point search (JPS).

Initially, we perform discretization processing on the in-
put image by dividing it into grid sizes that are compatible
with the resistor network structure, thereby achieving spatial
mapping from the image to circuit nodes. Based on this dis-
cretized representation, we implement and demonstrate the
paths generated by the proposed and comparative algorithms
under identical environmental conditions (Fig. 13). Although
each algorithm successfully produces effective paths by lever-
aging its unique strengths, they exhibit substantial differences
in computational efficiency.

To ensure a fair assessment of the time performance be-
tween the proposed and comparative algorithms, we establish
the following uniform simulation conditions:

1. Simulation platform. All simulations are conducted
using MATLAB R2021a. The hardware platform comprises an
Intel R○ CoreTM i5-10300H CPU @ 2.50 GHz and an NVIDIA
GeForce GTX 1650 Ti GPU.

2. Grid scale. The number of simulation nodes ranges
from 100 to 10 000. The grid sizes include 10 × 10, 15 × 15,
20 × 20, 30 × 30, 40 × 40, 50 × 50, 60 × 60, 70 × 70, 80 × 80,
90× 90, and 100 × 100.

3. Obstacle density. A fixed obstacle density of 25%
relative to the total number of nodes in the resistor network
is used to ensure comparable computational complexity across
different grid scales.

4. Start and end positions. The start and target nodes are
consistently maintained across all grid scales and algorithms
to ensure fair comparisons.

5. Evaluation protocol. Each algorithm is executed 30
times for each grid scale. The average path planning time is
recorded as the performance indicator to mitigate the influence
of randomness.

The specific simulation results are presented in Fig. 14.
At a small network scale, all five algorithms complete path
planning within a short time, and the performance differences
are negligible. Notably, the JPS algorithm is the most efficient
in this regime. As the network scale increases, the proposed
DPFPP algorithm progressively exhibits its advantage and ul-
timately becomes the fastest method. Although the A* and
JPS algorithms exhibit comparable performance on small-to-
medium networks and remain relatively efficient as the scale
increases, they are still slightly slower than the DPFPP algo-
rithm. In contrast, the performance of the Floyd and Dijkstra
algorithms degrades markedly with increasing scale, making
them unsuitable for large-scale scenarios. In particular, Floyd
requires 118 s at 50 × 50 and is excluded from larger network
evaluations. This is because it computes the shortest paths be-
tween all node pairs, which incurs a substantially higher com-
putational cost. Overall, these results indicate that DPFPP is
well-suited to large-scale emergency path planning. Dynamic
path planning simulations with real-time moving obstacles are
presented in Section S2 of the supplementary materials, includ-
ing a final snapshot (Fig. S2) and a complete animated graphics
interchange format (GIF), further validating the robustness of
the proposed framework.
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Fig. 9 Comparison of equivalent resistances computed using Eq. (7) and FZNNHRN for a 3× 3 network with (γ,λ, k) =

(10,3,2) and an LAF

Fig. 10 Hammock network maps before and after path planning: (a) the initial hammock network map with obstacles;
(b) the final hammock network map with the marked path

Fig. 11 Potential distribution calculated by the FZNNHRN
model

8 Discussion and conjectures

8.1 Avoiding local potential minima

Local minima are a primary challenge in potential field-
based planning. Hammock resistor networks inherently pro-
duce a smooth potential distribution, which notably reduces
the likelihood of spurious traps. To further ensure robustness,

Fig. 12 Path planning result on the hammock network map

the proposed algorithm integrates directional constraints and
a backtracking mechanism. These components allow robots
to escape suboptimal regions and maintain consistent progress
toward targets, even in the presence of complex obstacles or
time-varying disturbances.
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Fig. 13 Path planning diagrams for five algorithms

8.2 Optimal path planning problems

In Riemannian geometry, geodesics represent locally
shortest paths, which are analogous to free-fall trajectories in
general relativity. Motivated by this, we present the following
conjectures:

1. In a hammock-shaped surface resistor network, the
potential field induced by its intrinsic electrical properties is
analogous to a gravitational field. The current trajectory from
the source to the sink, governed by natural potential descent,
is equivalent to the shortest path on the hammock surface
connecting these two points.

If conjecture 1 does not hold, an alternative physical
analogy is instructive. Consider two balls released from the
same point: one follows a gentle slope, whereas the other
follows a steeper curved track. The latter one may arrive
earlier, tracing the classical brachistochrone, which minimizes
travel time rather than distance. Analogously, in a hammock-
shaped surface resistor network, the current may follow a nat-
ural potential descent trajectory that corresponds to a brachis-
tochrone on the curved surface. This highlights an important
point: in nonuniform environments, the optimal path is not
necessarily the shortest in terms of distance but the path that
minimizes an overall cost, such as time or energy.

2. Based on the natural potential descent principle, the
path from the source to the target on a hammock-shaped sur-
face is equivalent to the fastest route, thereby enabling efficient
navigation in complex spatial environments.

In nonuniform scenarios, such as ground robots avoiding
rough terrain or unmanned aerial vehicles bypassing adverse
winds, minimizing the total cost (time/energy) is typically
more critical than minimizing the distance. The proposed
strategy remains optimal if either of the conjectures holds.

9 Conclusions and prospects

This study proposes a fast ZNN algorithm to solve time-
varying Laplacian linear systems in hammock surface metas-
tructured quadrilateral resistor networks. By leveraging the
inherent structure of the Laplacian matrix, the proposed ap-
proach substantially reduces computational complexity and

enables efficient real-time calculation of electric potential dis-
tributions in dynamic scenarios. Theoretical analysis demon-
strates that the proposed algorithm achieves global exponential
convergence, and numerical simulations verify its high compu-
tational efficiency and robustness with respect to the initial
conditions across networks of various scales. Furthermore, the
electric potential distribution computed using the proposed al-
gorithm is incorporated into robot path planning, yielding a
potential field-based path planning method. Simulation re-
sults indicate that the proposed algorithm maintains a path
quality comparable to that of classical algorithms while incur-
ring lower computational costs. Nevertheless, due to hardware
limitations, the proposed algorithm is incapable of handling
ultra-large-scale resistor networks. Moreover, as this algo-
rithm is specifically designed for hammock resistor network
models, it is difficult to extend to other types of resistor net-
works. Future research will focus on generalizing the proposed
approach and exploring fast solvers that can be applied to a
broader range of resistor network configurations. This study
aims to foster interdisciplinary integration and convergence
among physicists, mathematicians, computer scientists, and
network scientists while outlining key challenges and directions
for future research.
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